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, J. Spielberg [Spi] Cuntz-Krieger $\mathcal{O}_{A}$
. ,
. , [Spi] F2 .
2 $\mathrm{F}_{2}$
F2 $=\mathbb{Z}*\mathbb{Z}$ $a,$ $b$ , $S=\{a, a^{-1}, b, b-1\}$ .
Cayley graph , , H.
Furstenberg [Fur] . (
[GH] ) $\Omega$ :
$\Omega=$ { $(x_{n})_{n=}^{\infty}1|x_{n}\in S,$ $x_{n}\neq x_{n+1}$ for any $n$ }.
$S$ . F2 $C(\Omega)$
, F2 $\Omega$ . , $C(\Omega)\lambda_{r}\Gamma$
. $x\in S$ , $\Omega$ clopen subset $\Omega(x)$
$\Omega(x)=\{(X_{n})_{n=}^{\infty}1|x_{1}=x\}\subseteq\Omega$,
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$S_{x}^{*}S_{x}= \sum_{y\neq x}S_{y}s_{y}^{*}-1^{\cdot}$
. , C* .. $C(,\Omega)\rangle\triangleleft_{r}\Gamma$ , Cuntz-Krieger
$\mathcal{O}_{A}$ ,
$C(\Omega)\lambda_{r}\Gamma=C*(S_{x}|x\in S)\simeq \mathcal{O}_{A}$
. $A$ $S$ $\cross$ S-
$A=$
.
[Spi] , Fock space Cuntz-Krieger
. , $\mathbb{C}^{4}$ $\{e_{a}, e_{b}, e_{a’ b^{-1}}-1e\}$ . Fock
space 1 ,
$\mathcal{F}_{A}=\mathbb{C}e_{0}\oplus\bigoplus_{1n\geq}(\overline{\mathrm{s}\mathrm{P}^{\mathrm{a}}\mathrm{n}}\{e_{x}\otimes 1^{\cdot}..\cdot\otimes e_{x}n|A(X_{i}, x_{i}+1)=1\})$
. , $e_{0}$ vacuum vector . $x\in S$ , creation
operator $T_{x}\xi$:
$\ovalbox{\tt\small REJECT} \mathrm{e}_{0}$ $=$ $e_{x}$ ,
$T_{x}(e_{x_{1}}\otimes\cdots\otimes e_{x_{n}})$ $=$ $\{$
$e_{x}\otimes e_{x_{1}}\otimes\cdots\otimes e_{x_{n}}$ if $A(x, x_{1})=1$ ,
$0$ otherwise.
, $\pi$ $B(\mathcal{F})$ $B(\mathcal{F})/\mathcal{K}(\mathcal{F})$ ,
,
$\pi(T_{x})$ C*
$\mathcal{O}_{A}$ . – $:$ .
$e_{0}$ $rightarrow$ $\delta_{e}$
$\mathcal{F}_{A}\ni$ $\in l^{2}(\mathrm{F}_{2})$ .
$e_{x_{1}}\otimes\cdot\cdot\cdot:\otimes e_{x_{n}}$ $rightarrow$ $\delta_{x\cdots x_{n}}1$
– creation operator $T_{x}$ :
$T_{x}\delta_{e}$ $=$ $\lambda_{x}\delta_{\mathrm{e}}$ ,
$T_{x}\delta_{x_{1}\cdots x_{n}}$ $=$ $\{$
$\lambda_{x}\delta_{x_{1}\cdots x_{n}}$ if $x\neq x_{1}^{-}1$ ,
$0$ otherwise.
,\mbox{\boldmath $\lambda$} F2 . , “length function” $|\cdot|$ $S$ $\mathrm{F}_{2}$ Cayley










$I$ , $i\in I$ $G_{i}$ $H$
. $G_{i}$ $\mathbb{Z}\cross H$ $D$ ,
. , $\Gamma$
$*_{H}G_{i}$ . “length function” $|\cdot|$ . $i\in I$ $\Omega_{i}$ $G_{i}/H$
$e\in\Omega_{i}$ .
, $\gamma\in\Gamma$ $g_{1}\cdots g_{n}h$ – ($g_{1}\in\Omega_{i_{1}},$ $\ldots,$ $g_{n}\in\Omega_{i_{n}},$ $h\in H$
$i_{1}\neq i_{2},$
$\ldots,$
$i_{n-1}\neq i_{n})$ . , $n$ , $\gamma\in\Gamma$
$|\gamma|=n$ . , $p_{n}$
$l^{2}(\Gamma)$
$\overline{\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}}\{\delta_{\gamma}\in l^{2}(\Gamma)||\gamma|= n\}$
, $g \in\bigcup_{i\in I}G_{i}$ ,
$\ovalbox{\tt\small REJECT}=\sum_{0n\geq}p_{n}+1\lambda_{g}Pn$
. , $\lambda$ $\Gamma$ . $g\in H$ , $T_{g}=0$
, $h\in H$
$V_{h}=\lambda_{h}$
. $\pi$ $B(l^{2}(\Gamma))$ $B(l^{2}(\Gamma))/\mathcal{K}(l^{2}(\Gamma))$ , $\pi(T_{\mathit{9}})=Sg$ ’
$\pi(V_{h})=U_{h}$ .
$S_{g}$ , $S_{g}$ $Q_{g}=S_{g}*$ . $S_{g}$ $P_{g}=S_{g}\cdot S_{g}*$ ,
:
$g,$ $g’ \in\bigcup_{i}G_{i}\backslash H$ $h\in H$ ,
$S_{gh}=S_{gh}$. $U$ , $S_{hg}=U_{h}\cdot S_{g}$ , (1)
$P_{g}\cdot P_{\mathit{9}’}=\{$
$P_{g}=P_{g’}$ if $gH=g’H$,
$0$ if $gH\neq g’H$ .
(2)
, $g\in G_{i}\backslash H$ ,
$Q_{g}= \sum$ $\sum$ $P_{g’}$ . (3)
$j\in Ij\neq ig’\in\Omega_{j\backslash \{\}}e$
,
$1= \sum$ $\sum$ $P_{g}$ . (4)
$i\in Ig\in\Omega e\backslash \{e\}$
, $i\in I$ $P_{i}= \sum_{g\Omega}\in.{}_{\backslash \{e\}}P_{g}$ , $i\in I$ ,
$C^{*}(H)\simeq C^{*}(P_{i}U_{h}P_{i}|h\in H)$ . (5)
.
Definition 31 $S_{g}$ $U_{h}$ $c*$ $\mathcal{O}\mathrm{r}$ .




, universal proparty uniqueness theorem .
Theorem 4.1 $\{s_{\mathit{9}}, uh\}$ (1) (4) ) $\mathcal{O}_{\Gamma}$ $C^{*}(s_{\mathit{9}}, u_{h})$
$*$ - ) $S_{g^{\vdash\Rightarrow S}\mathit{9}},$ $U_{h}\vdash+u_{h}$ .
$\{s_{g}, u_{h}\}$ (5) ) *- .
$\mathcal{O}_{\Gamma}$ M. V. Pimsner [Pim2] Cuntz-Krieger-Pimsner
.
$A=C^{*}(P_{i}U_{h}Pi|h\in H, i\in I)\simeq\oplus i\in IC^{*}(rH)$
, Hilbert $A$-bimodule $X$ :
$X= \overline{\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}}\{S_{g}Pi|g\in\bigcup_{j\neq i}Gj\backslash H, i\in I\}$
.
, , $\langle S_{\mathit{9}}P_{i}, s_{gj}\prime P\rangle=$ $P_{i}S_{g}^{*}S_{g^{\mathit{7}}}Pj\in A$ .
. $c*$ $A$ ,
$A= \bigoplus_{Ii\in}A_{i}=\bigoplus_{\in iI}\mathbb{C}[H]$
,
. $\mathbb{C}[H]$ $H$ $\mathbb{C}$ $f= \sum_{h\in H}$ ch $c*$
. , $A$-bimodule $\mathcal{H}_{i}$
$\mathcal{H}_{i}=\mathrm{c}[\bigcup_{j\neq i}G_{j}\backslash H]$
.
. $A$ . $a=(a_{i})_{i\in I}\in A$
$g\in G_{j}\backslash H\subset \mathcal{H}_{i}$ ,
$a\cdot g=a_{jg}$ ,
$g\cdot a=ga_{i}$ .
, , $g,$ $g’ \in\bigcup_{j\neq i}G_{j}\backslash H\subset \mathcal{H}_{i}$ ,
$\langle g,g’\rangle_{\mathcal{H}_{i}}=\{$
$g^{-1}g’\in A_{i}$ if $g^{-1}g’\in H$,
$0$ else.
. $A$-bimodule $X$ .
$X= \bigoplus_{i\in I}\mathcal{H}_{*}.$
,
Hilbert A-bimodule $X$ Cuntz-Krieger CKP $\mathcal{O}x$ $\mathcal{O}\mathrm{r}$




, $\mathcal{O}\mathrm{r}$ . , $\Omega$
$\Omega=$ { $(g_{n})_{n\geq 0}|g_{n}\in\Omega_{i_{n}},$ $i_{n}\neq i_{n+1}$ for any $n$ }
, $\Gamma$ . , $\Gamma$
$\partial\Gamma$ , $\Gamma$ , .
Proposition 43
$\mathcal{O}_{\Gamma}\simeq C(\Omega)\rangle\triangleleft_{r}\Gamma\simeq C(\partial\Gamma)\rangle\triangleleft_{r}\Gamma$ .
Remark $\Gamma$ $\partial\Gamma$ $\Gamma$
, $\mathcal{O}_{\Gamma}$ , $\Gamma$
.
, , , . , [Ada]
, $\mathrm{K}$ Cuntz-Krieger
. gauge action . $z\in \mathbb{T}$ $\{zS_{g}, U_{h}\}$
(1) (4) , $\mathcal{O}_{\Gamma}$ , universal property $\alpha_{z}(s_{g})=zs_{g}$
$\alpha_{z}(U_{h})=U_{h}$ $\alpha_{z}$ . , $\alpha$ $\mathbb{T}$





$\triangle_{n}=\{\gamma=g1\ldots gn|g_{k}\in\Omega_{i_{k},\mathrm{l}} i\neq\cdots\neq i_{n}\}$
, $\mu,$ $\iota^{\ovalbox{\tt\small REJECT}}\in\triangle_{n}$ ,
$e_{\mu,\nu}^{i}=S\mu P_{i}S^{*}\nu$
, $\{e_{\mu,\nu}^{i}\}_{\mu,\nu\in}\triangle_{n}$ $\triangle_{n}$ matrix units .
(5) , $\mu\in\triangle_{n}$ ,
$\mathcal{F}_{n}^{\dot{\eta}}\simeq M_{N(n,i)(}\mathrm{c})\otimes\overline{\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}}\{sPUhP_{i}\mu iS_{\mu}^{*}|h\in H\}\simeq M_{N(n,i)}(\mathbb{C})\otimes C^{*}(H)$
. $i,j\in I$ , $\mathcal{F}_{n}^{i}$
.
$\mathcal{F}_{n}=\bigoplus_{i\in I}P_{n}$
. , (2) (3) $\mathcal{F}_{n}rightarrow \mathcal{F}_{n+1}$ ,
$\mathcal{F}=\overline{\bigcup_{0n\geq}\mathcal{F}_{n}}$
$\mathrm{A}\mathrm{F}$ , $\mathcal{O}_{\Gamma}^{\mathrm{t}\Gamma}$ . , Cuntz-Krieger $\mathbb{Z}$
, . , $\mathrm{K}$
Cuntz-Krieger .
48
Proposition 4.4 $\mathcal{O}_{\Gamma}$ .











. , $N_{i}= \bigcap_{g\in G_{i}}gHg^{-1}$ .
5 $\mathcal{O}_{\Gamma}$ K
$\mathcal{O}_{\Gamma}$ $\mathrm{K}$ , M. V. Pimsner [Piml] ,
,
. $\mathcal{O}_{\Gamma}$ $\mathbb{Z}$ , Pimsner-Voiculescu
exact sequence [PV] $\mathcal{O}_{\Gamma}$ $\mathrm{K}$ , $\mathrm{A}\mathrm{F}$ $\mathcal{O}_{\Gamma}^{\mathrm{T}}$
$\mathrm{K}$ .
, { $\chi_{1},$ $\ldots$ , \mbox{\boldmath $\chi$} $H$ ,
$n_{1},$ $\ldots,$ $n_{r}$ , $C^{*}(H)$ :
$M_{n_{1}}(\mathbb{C})\oplus\cdots\oplus M_{n_{r}}(\mathbb{C})$ .
$k$ $M_{n_{k}}(\mathbb{C})$ $p_{k}$ :
$p_{k}= \frac{n_{k}}{|H|}\sum_{\in hH}\overline{xk(h)}U_{h}$ .
, $arrow \mathcal{F}_{n+1}$ $\mathrm{K}$
, $i\neq$ ,
$\mathcal{F}_{n}^{i}\simeq M_{N(i)(}n,\mathbb{C})\otimes C^{*}(H)$ ,
$\mathcal{F}_{n+1}^{j}\simeq M_{N(n+1,j)}(\mathbb{C})\otimes c^{*}(H)$
, $\mathcal{F}_{n}^{i}\mapsto \mathcal{F}_{n+1}^{j}$
$M_{N(n,i)(}\mathbb{C})\otimes M(n_{k}\mathbb{C})\mapsto M_{N(j}n+1,)(\mathbb{C})\otimes Mn\iota(\mathbb{C})$
$\mathrm{B}^{\grave{\grave{\rangle}}}k^{\backslash }\backslash \text{ }U)\text{ }\mathrm{A}^{\backslash }(\mathrm{o}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} l\Xi \text{ }\Phi \text{ _{}\llcorner}\backslash \lambda \text{ }\mathcal{X}\mathrm{b}\text{ }\mathrm{A}^{\mathrm{a}}\text{ }\mathrm{B}_{1\not\in:}\ovalbox{\tt\small REJECT}\wedge^{\backslash }\mathcal{X}\backslash f\iota\Sigma.\backslash .\mathrm{a}\mathrm{A}^{\mathrm{a}}\text{ }\iota)\text{ }-\cdot\backslash \backslash 9^{-}$. $(\underline{\mathrm{B}}\text{ }.’*l\wedge+$. (3)
$\geq$
$\text{ },$ $\mathcal{F}^{i}arrow\succ nF_{n}i+1\text{ }\Phi \text{ _{}\grave{1}}Lf\mathrm{X}\neq_{X}\mathrm{A}\backslash \text{ }\sim$ e\v{c}ff,$\text{ _{}1}"-\mathrm{C}\text{ }\underline{\grave{rightarrow}\backslash }\text{ ^{}\mathrm{A}\backslash }$ .
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, $P$ $M_{N(n,i)}(\mathbb{C})\otimes M_{n_{k}}(\mathbb{C})$ $E\otimes 1$ . $E$ { minimal projection
. , $\mathcal{O}_{\Gamma}$ , $\mu\in\triangle_{n}$ ,
$P=^{s_{\mu}P_{ip}}kPis\mu*$
. $Q$ $M_{N(n+j}1,$ ) $(\mathbb{C})\otimes M_{n_{l}}(\mathbb{C})$ ,
$Q= \sum_{\Delta_{n}\nu\in+1}s_{v}Pj\text{ }PjS\ovalbox{\tt\small REJECT}$
. (2) (3) $P$ +1
, $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(PQ)/n_{k}$ . ,
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(PQ)/n_{k}=\sum_{x\in^{x\backslash }t\{e\}}\langle xk, x\iota\rangle_{H(}xx)$
. , $X_{i}$ $G_{i}$ $H$ $e\in X_{i}$
, $H(x)$ $xH$ $H$ . ,
$\chi_{l}^{x}(\text{ })$ $=$ $\chi_{l}(x^{-1}\text{ _{}X})$
$\langle\chi_{k}, x_{\iota}^{x}\rangle_{H(x)}$ $=$
$\frac{1}{|H(_{X)|}}\sum_{xh\in H()}\overline{\chi k(h)}x_{l}(xh)$ .
. , $i\neq j$ $A_{\Gamma}((i, \iota),$ $(i, k))= \sum_{x\in x.\backslash \{\text{ }\}}.\langle xk, \chi l\rangle_{H(x)}x$ ,
$A_{\Gamma}((i, k),$ $(i, l))=0$ . $A_{\Gamma}=[A_{\Gamma}((i, k), (j, l))]$ , $\mathcal{O}_{\Gamma}$ $\mathrm{K}$
.
Theorem 51
$K_{0}(\mathcal{O}_{\Gamma})$ $=$ $\mathbb{Z}^{N}/(1-A_{\Gamma})\mathbb{Z}^{N}$ .
$K_{1}(\mathcal{O}_{\Gamma})$ $=$ $\mathrm{K}\mathrm{e}\mathrm{r}(1-A_{\Gamma} : \mathbb{Z}Narrow \mathbb{Z}^{N})$ .
) $N=|I|r$ .
.
Example 1 $\Gamma=SL(2, \mathbb{Z})=\mathbb{Z}_{4}*_{\mathbb{Z}_{2}}\mathbb{Z}_{6}$ .
,
$A_{\Gamma}=$ $0001$$0002$ 001$ $0001)$
, $\mathrm{K}$ $I\mathrm{f}_{0}(\mathcal{O}\mathrm{r})=0,$ $K_{1}(\mathcal{O}_{\Gamma})=0$ . ,




,$A_{\Gamma}=(_{0}^{0}0011$ $000011$ $000211$ $000011$ $000011$ $200011)$
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